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We consider a lattice implementation of the -invariant, using the
complex phase of the determinant of ve-dimensional massless Dirac
fermion dened with the overlap Dirac operator. This implementation
is equivalent to using the complex phase of the determinant of the
(simplied) domain-wall fermion, which couples to an interpolating
ve-dimensional gauge eld. We clarify the relation to the eective
action for chiral Ginsparg-Wilson fermions. The integrability, which
holds true for anomaly-free theories in the classical continuum limit,
is not assured on the lattice with a nite spacing. A lattice expression





It has become clear recently that the gauge interaction of the Weyl fermions
can be described in the framework of lattice gauge theory. The clue to this
development is the construction of gauge covariant and local Dirac operators
[1, 2, 3] which solve the Ginsparg-Wilson relation [4]. The Ginsparg-Wilson
relation implies the exact chiral symmetry for the Dirac fermion [5] and
suggests an asymmetric and gauge-eld-dependent chiral projection to the
Weyl degrees of freedom [6, 7]. The denition of the functional measure for
the Weyl fermion eld based on the chiral projection leads to a mathemat-
ically reasonable denition of the chiral determinant, which generally has
the structure as an overlap of two vacua [8]. It has been shown by Lu¨scher
in [10] that for anomaly-free abelian chiral gauge theories, the functional
measure for the Weyl fermion elds can be constructed so that the gauge
invariance is maintained exactly on the lattice.
On the other hand, in the continuum theory, Alvarez-Gaume et al.
[11] have shown that the imaginary part of the eective action for chiral
fermions can be given by the -invariant, which can be dened through the
ve-dimensional massless Dirac operator coupled to an interpolating ve-
dimensional gauge eld. We note that this formulation is applicable also for
non-abelian chiral gauge theories.
In this paper, we will show that a lattice implementation of the -
invariant is possible so that the lattice -invariant gives the imaginary part of
the eective action for the chiral Ginsparg-Wilson fermion dened through
Neuberger’s Dirac operator. We dene the -invariant on the lattice using
the complex phase of the determinant of the massless Dirac fermion in ve
dimensions which is formulated with the ve-dimensional overlap Dirac op-
erator [13]. We can show that this implementation is equivalent to using the
complex phase of the determinant of the (simplied) domain-wall fermion
[14, 15], which couples to an interpolating ve-dimensional gauge eld. Our
formulation then can be regarded as a lattice realization of the argument
(in the continuum theory) given by Kaplan and Shmaltz in [16], using the
simplied formulation of the domain-wall fermion of Shamir [15].
Our lattice implementation of the -invariant can be shown to have a
direct relation to the imaginary part of the eective action for the chiral
Ginsparg-Wilson fermions which is dened through Neuberger’s Dirac op-
erator [8, 10, 17]. This implementation is applicable to non-abelian chiral
gauge theories. But the integrability, which holds true for anomaly-free the-
ories in the classical continuum limit, is not assured on the lattice with a
nite spacing. This issue of the integrability for anomaly free chiral gauge
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theories is discussed. A lattice expression for the ve-dimensional Chern-
Simons form is obtained. 1
This paper is organized as follows. In section 2, we describe our imple-
mentation of the -invariant on the lattice. In section 3, we examine the
variation of the lattice implementation of the -invariant with respect to
the gauge eld. We will see that the result in the continuum theory [11] is
reproduced. In section 4, we clarify the relation of the lattice -invariant to
the eective action for chiral Ginsparg-Wilson fermions. The integrability
for anomaly free chiral gauge theories, which is not assured a priori on the
lattice, is discussed. In section 5, we summarize our result and give some
discussions.
2 A lattice implementation of the η-invariant
2.1 Five-dimensional massless Dirac fermion on the lattice
In the continuum theory, the -invariant can be dened through the partition
function of a ve-dimensional massless Dirac fermion in the Pauli-Villars
regularization [11, 12]. In order to implement the -invariant on the lattice,
we consider a ve-dimensional massless Dirac fermion which is formulated
on the lattice using the ve-dimensional overlap Dirac operator [13].
We consider a ve-dimensional lattice. The lattice indices are denoted
as
x = n a; n 2 Z ( = 1; 2; 3; 4); (2.1)
t = n5 a5; n5 2 Z: (2.2)
We assume that the four-dimensional space is nite and has a volume (La)4.
The fth dimension has a nite extent of 2Ta5 and n5 takes value in the
range [−T + 1; T ].
We consider ve-dimensional non-abelian gauge elds whose fth com-
ponent vanishes
U(x; t) = exp (iA(x; t)) ; A(x; t) = Aa(x; t)T
a; (2.3)
U5(x; t) = 1: (2.4)
1When completing this work and preparing this article, we noticed that a paper by
Lu¨scher [21] appeared. In [21], a formula of the eective action for the chiral Ginsparg-
Wilson fermion which couples to non-abelian gauge elds is derived and its relation to the
-invariant is suggested.
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The abelian case can be treated in a similar manner. We impose the periodic
boundary condition in the four dimensional space
U(x+ La; t) = U(x; t): (2.5)
The covariant dierence operators are dened as follows:
r = 1
a






As shown in [13], in the overlap formalism [8], a ve-dimensional massless
Dirac fermion can be described gauge invariantly by the ve-dimensional







1A (x; t); (2.7)
where X5 consists of the ve-dimensional Wilson-Dirac operator D5 with a
negative mass:
X5 = D5 − m0
a





























For the fermion eld, we impose the periodic boundary condition in the four
dimensional space
 (x+ L; t) =  (x; t);  (x+ L; t) =  (x; t): (2.10)






















at t = −T . For the ve-dimensional Wilson-Dirac fermions, the boundary
condition in the fth dimension may be xed by specifying the values of the
chiral components  L and  L at t = T + 1 and  R and  R at t = −T . 2(cf.
[18]) Since the overlap Dirac operator consists of the Wilson-Dirac operator,
the same boundary condition can be imposed. The choice of the Dirichlet
boundary condition here is crucial when we relate the complex phase of the
partition function of the ve-dimensional massless Dirac fermion to that of
the simplied domain-wall fermion [14, 15], as we discuss later.














−1 1 0 0 0 0
0 −1 1 0 0 0
0 0 −1 1 0 0
0 0 0 −1 1 0
0 0 0 0 −1 1
0 0 0 0 0 −1
1CCCCCCA (T = 3): (2.14)
The subscript (T ) denotes the fact that the dierence operator is imple-
mented by a nite matrix, taking account of the Dirichlet boundary con-
dition in the fth direction. We also put this subscript for the functional
determinant and trace to indicate that it is dened in the nite extent of




Because of the restriction on the ve-dimensional gauge elds to be con-
sidered, the ve-dimensional gauge invariance is not maintained. But under
the gauge transformation which does not depend on the fth coordinate
U(x; t) −! g(x)U(x; t)g(x + ^); (2.15)
the fermion system is gauge invariant.
2.2 Smooth interpolation of four-dimensional gauge fields
It is important for the ve-dimensional gauge elds, which enters into the
ve-dimensional massless Dirac operator to implement the -invariant, to
2We set the coecient of the Wilson term in the fth direction to unity.
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interpolate two four-dimensional gauge elds smoothly. To realize this
smooth interpolation, we rst start with the ve-dimensional lattice theory
of Eq. (2.7) and then consider the continuum limit in the fth dimension,
a5 ! 0.
To prepare the gauge elds on the ve-dimensional lattice, let us rst
introduce two four-dimensional gauge elds.
U(x) = eiAµ(x); U0(x) = e
iA0µ(x): (2.16)
We assume that both gauge elds are smooth enough to make Neuberger’s
Dirac operator dened well and local [3].
k1− U(x)k < ;   130 : (2.17)
We also assume that both gauge elds belong to the same topological sec-
tor in terms of the topological charge dened through Neuberger’s Dirac
operator.
Then we consider a one-parameter family of four-dimensional gauge elds
with the parameter u 2 [0; 1] so that the two gauge congurations U0(x) and
U(x) are smoothly interpolated, without changing the topological property
of the gauge elds.
U(x;u) = exp (iA(x;u)) ; u 2 [0; 1]: (2.18)
A(x;u = 0) = A0(x); A(x;u = 1) = A(x): (2.19)
The simplest choice is the linear interpolation given by
A(x;u) = (1− u)A0(x) + uA(x): (2.20)
We then consider a ve-dimensional gauge eld which smoothly interpo-
lates two four-dimensional gauge elds, U0(x) and U(x;u), along the fth
coordinate t which is for the rst time regarded as a continuous coordinate.
U(x; t;u): (2.21)
We assume that the interpolating region has a nite interval of t 2 [−;].













Figure 1: Interpolating ve-dimensional gauge elds
When t > , it coincides with the other four-dimensional gauge eld U(x;u):
U(x; t;u) −!
t>+∆
U(x;u) = eiAµ(x;u): (2.23)
This denes one parameter family of the interpolating ve-dimensional gauge
elds. See Figure 1.
We then map the continuum interpolations to a discrete fth dimensional
lattice space so that  < Ta5. (Figure 2)
0
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−(T − 1)a5 Ta5- 
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Figure 2: Interpolating ve-dimensional gauge elds on the lattice
These interpolating ve-dimensional lattice gauge elds are to couple to the
ve-dimensional massless Dirac fermion of Eq. (2.7). In order to recover
the smooth interpolation of the two four-dimensional lattice gauge elds, we
need to take both the continuum limit a5 ! 0 and the innite extent limit
T !1 of the fth dimension, keeping the condition   Ta5.
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We further assume that the four-dimensional gauge elds and their smooth
interpolation have been chosen appropriately so that the ve-dimensional
Wilson-Dirac operator in Eq. (2.7) does not have zero mode and is invertible.
Moreover, we assume that the inverse of the ve-dimensional Wilson-Dirac
operator vanishes exponentially for a large separation in the fth direction.
Namely, it has a bound aswwwww 1D5(T ) − m0a5 (s; t)
wwwww < Ce−γjs−tj; 1  js− tj  T; (2.24)
with constants C and γ.
2.3 The η-invariant on the lattice
Now we propose a lattice implementation of the -invariant as the complex
phase of the partition function of the ve-dimensional massless Dirac fermion











In order to realize the smooth interpolation of the four-dimensional gauge
elds, both the continuum limit and the innite extent limit of the fth
dimension are taken in this denition.






Im ln detX5; (2.27)
the above denition can also be written as
















, we have V yV = 1. Then, the complex
phase of the partition function of the ve-dimensional massless Dirac fermion can be
evaluated as




(1 + V )










Im ln det(T ) V: (2.26)
Since
√
Xy5X5 is hermitian, it does not contribute to the complex phase of the partition
function and can be neglected. Thus we obtain Eq. (2.27).
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Here D5(T ) stands for the Wilson-Dirac operator in which the dierence op-
erator in the fth direction is expressed by the 2T  2T matrix. Since we
have adopted the Dirichlet boundary condition in the fth dimension, what
we are dealing with is nothing but the complex phase of the partition func-
tion of the simplied domain-wall fermion, but coupled to the interpolating
ve-dimensional gauge eld. Our proposal then can be regarded as a lattice
realization of the argument given by Kaplan and Shmaltz in [16], using the
simplied domain-wall fermion of Shamir [15].
3 The variation of η with respect to gauge field
3.1 Summary of result
Following the analysis in the continuum theory[11], we next examine the
variation of  with respect to the gauge eld. Before going into technical
details, we rst summarize our result.


























The rst one is the bulk ve-dimensional contribution, which depends on
the whole interpolating ve-dimensional gauge elds. The second one is
the contribution from the boundaries at t = −T + 1 and t = T , which
depends only on the boundary values of the interpolating ve-dimensional
gauge elds.
Remarkably, the surface contribution is expressed by the covariant chiral




























(0 < m0 < 2). In fact, this surface term can be related to the imaginary
part of the eective action for the chiral Ginsparg-Wilson fermion which is
dened with Neuberger’s Dirac operator [8, 10, 17], as we will see later.
9
The bulk contribution reproduces the Chern-Simons form in the classical
continuum limit. Using a plain wave basis on the lattice, as in the continuum






























This quantity can be written as the variation of the Chern-Simons form,
up to the local current of Bardeen and Zumino [22] which plays the role
to translate the covariant gauge current from the surface contribution to
the consistent one [11]. Thus the result in the continuum theory [11] is
completely reproduced by our lattice implementation of the -invariant.
The coecient of the Chern-Simons form in this calculation is given by








































−m0 (0 < m0 < 2): (3.6)
This result is consistent with the previous calculation of the Chern-Simons
current by Golterman, Jansen and Kaplan [23]. The similar quantity in
which the fth momentum is continuous has appeared in the calculation of
the axial anomaly [24] of the Ginsparg-Wilson fermion dened with Neu-
berger’s Dirac operator.4
4See [25] for the original calculations of the Chern-Simons form induced from the
Wilson-Dirac fermion in three dimensions. For the detail analysis of the chiral Jaccobian
of the Ginsparg-Wilson fermion, the authors refer the reader to [26]
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3.2 Evaluation of d
du
η
3.2.1 Separation of bulk contribution
Now we go into details how to evaluate the variation of . From the con-
tinuum argument of [11], we expect that the variation of  can be written
as the sum of two contributions. The rst one is the bulk ve-dimensional
contribution, which should reproduce a part of the Chern-Simons form. The
second one is the contribution from the boundaries at t = −T+1 and t = T ,
which should be related to the eective action of the chiral fermion. In the
context of the domain-wall fermion here, it should be related to the chiral
light modes at the boundaries.













D5(T ) + z
; (3.7)

















































D5(T ) − m0a
: (3.8)
Note that since D5(T ) is dened in the nite interval of [−T + 1; T ], taking
account of the Dirichlet boundary condition, the cyclic property of the trace
over the fth dimension holds true here.
In order to separate the bulk ve-dimensional contribution from the
boundary contribution, we note the following fact: the bulk term comes
from the interval [−;] where the interpolating eld is varing in t. Then
it can also be evaluated from the ve-dimensional Dirac fermion (the simpli-
ed domain-wall fermion) dened in a slightly larger ve dimensional space
than t 2 [−T + 1; T ], say, t 2 [−T −T + 1; T + T ]. (Figure 3)
The inverse of the Dirac operator in this case
1
D5(T+∆T ) − m0a
(x; s; y; t) (3.9)
does not support the light chiral modes at the original boundaries t = −T+1
and t = T . If we would replace the inverse of the ve-dimensional Dirac
11
0
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Figure 3: Larger ve-dimensional space
operator in Eq. (3.8) by Eq. (3.9), then it could include only the bulk con-



























D5(T ) − m0a z
− 1




In the r.h.s. of Eq. (3.10), we have omitted the subscript (T ) from dduD5(T ),
because dduD5(T ) is proportional to st and does not depend on the boundary
condition. Note that we can let T be innity in this separation.
In order to see that the second term in the r.h.s. of Eq. (3.10) is actually
localized at the boundary, we note the following identity which holds for
s; t 2 [−T + 1; T ]:
1
D5(T ) − m0a
(s; x; t; y)− 1
D5(T+∆T ) − m0a
(s; x; t; y)
=
1
D5(T ) − m0a
V(−T+1;T )
1
D5(T+∆T ) − m0a
(s; x; t; y);
(3.11)
where
V(−T+1;T ) = −PLs;−T t;−T+1 − PRs;−T+1t;−T
−PLs;T t;T+1 − PRs;T+1t;T : (3.12)
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In this identity, the Dirichlet boundary condition at t = −T+1 and t = T , in
the middle of the enlarged extent of the fth dimension [−T−T+1; T+],
is implemented by adding the surface interaction term [19]. The derivation
of this identity is given in appendix A. Using this identity, the second term









D5(T ) − m0a z
− 1










D5(T ) − m0a
V(−T+1;T )
1








































































We can see that the rst two terms are localized at the boundaries t = −T+1
and t = T , respectively. The last two terms comes from the correlation
between two boundaries. But these last two terms vanish in the limit T !
1, because it is assumed that the inverse of the Dirac operator vanishes
exponentially for a large separation in the fth dimension. See Eq. (2.24).




































































3.2.2 Surface term in the limit T !1
We have seen that ddu surf is actually localized at the boundaries t = −T +1
(−T ) and t = T (T + 1). Still it depends on the whole interpolating ve-
dimensional gauge elds. We next show that in the limit T ! 1, the
interpolating ve-dimensional gauge eld in the surface contributions can
be replaced by the gauge elds of its boundary values.
Let us introduce the ve-dimensional gauge elds which are uniform with
respect to the fth-dimensional coordinate t




 (x; t;u) = U(x;u); (3.18)
0
r r r r r r r r r r r r r r r r r r
U0(x)
U(x)b b b b b b b b b b b b b b b b b b
b b b b b b b b b b b b b b b b b bb
b
b
−(T − 1)a5 Ta5
U! (x; t;u)
U  (x; t;u)
U(x; t;u)
Figure 4: Uniform ve-dimensional gauge elds
and consider the ve-dimensional Dirac fermions (the simplied domain-
wall fermion) which couple to these uniform gauge elds. We denote the
14




The Dirac operatorD 5(T ) diers fromD5(T ) only in the region t a5  −.
Then we may write as
1
D 5(T ) − m0a
(s; t)− 1






D5(T ) − m0a
(s; t0)





D 5(T ) − m0a
(t0; t):
(3.19)
Assuming that D 5(T ) satises the similar bound as Eq. (2.24), we can show
that this dierence for s = t = −T vanishes exponentially in the limit
T ! 1. Furthermore, since the ve-dimensional Dirac operators depend
smoothly on the gauge elds, the dierence for s = t = −T + 1 also van-
ishes even after taking the variation with respect to the parameter u. Since
U  (x; t;u) actually does not depend on u, this implies that the surface term
from the boundary at t = −T + 1 vanishes identically.
By the similar argument, we can show that D5(T ) and D5(1) can be
replaced by D!5(T ) and D
!
5(1), respectively in the surface term from the
























3.2.3 Four-dimensional surface propagators in five-dimensions
We next evaluate the propagators along four-dimensional surfaces which
appear in the r.h.s. of Eq. (3.20). The inverse of

D!5(T ) − m0a5

at s = t = T
is nothing but the propagator of the right-handed mode of the light fermion
in the simplied domain-wall fermion, which is refered as qR(x) and qR(x)
by Furman and Shamir. It has been shown in [20] that the propagator, in
the limit T ! 1, can be given in terms of the inverse of the overlap Dirac
operator which is dened through the transfer matrix of the ve-dimensional
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D!5(T ) − m0a












; eH = − 1
a5
lnT; (3.22)




−Cy 1B B + Cy 1BC

; (3.23)
C = a5 
1
2





at s = t = T + 1 can be evaluated using
the similar identity as Eq. (3.11). The derivation is given in appendix B.







γ5 eDγ5 − eD [U(x;u)]PR: (3.27)





































eD 1eD [U(x;u)] : (3.28)
5This identity can be regarded as an integral representation for the overlap Dirac









iγ5 sin E + 2 sin2
E
2











which is analogous to the integral representation for the original Neuberger’s Dirac oper-


















In the limit a5 ! 0, eD reduces to the original Neuberger’s Dirac operator
D of Eq. (3.2) and nally we obtain Eq. (3.1).
3.2.4 Bulk term in the continuum limit


















We will calculate this contribution in the classical continuum limit a ! 0
and will show that it reproduces the variation of the Chern-Simons form up
to the local current of Bardeen and Zumino [22].
In evaluating the bulk contribution, we set a5 = a. At the same time
as to take the continuum limit, we also take the limit of the innite extent
of the fth dimension T ! 1, keeping T 0 = Ta5   nite. The limit
T 0 !1 is taken at last. We adopt the plane wave basis eikM (xM =a), where
the ve-dimensional coordinate is denoted as xM = (x; t) (M = 1; 2; 3; 4; 5)
with upper case Latin indices.
The ve-dimensional Wilson-Dirac operator D5(1) acts on the plane










































where DM is the covariant derivative in the continuum limit
DM = @M + iAM (x) (3.31)
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−m0 (0 < m0 < 2): (3.32)






eikM (x−y)M =a (3.33)




































































This coecient can be evaluated using the fact that it gives a topological
number associated to the ve-dimensional Wilson-Dirac propagator S(k).






with the convention for the gamma matrices γ1γ2γ3γ4γ5 = 1. Then the bulk

























4 Effective action for chiral Ginsparg-Wilson fermions
Now we discuss the relation of our lattice implementation of the -invariant
to the eective action for the chiral Ginsparg-Wilson fermions in abelian and
non-abelian chiral gauge theories. We rst discuss the classical continuum
limit in some detail to see that our implementation reproduces the result of
Alvarez-Gaume et al. [11]. Then we examine the case with a nite lattice
spacing. We rst consider abelian chiral gauge theories, for which the gauge
invariant eective action has been constructed [10, 17]. We then discuss the
case of non-abelian chiral gauge theories.
4.1 Classical continuum limit
As we have shown in the previous section,  reduces to the following expres-



























It is important in the following discussion to remind that the rst term of










and that it is regularized gauge-covariantly. The ve-dimensional bulk term
can be written as the variation of the Chern-Simons form [11], up to the
























MNKLTr fAF MNF KLg ;(4.4)
F MN = @MAN + 






 (AF + FA −AAA) : (4.6)
The current of Bardeen and Zumino, denoted by X here, plays the role
to translate the covariant gauge current, which is induced from the surface
term, to the consistent current [11]. Then integrating the following expres-
























f2Q5 [A(x; t;u)]g ;
(4.7)
we obtain




=  + 2Q5 [A(x; t;u)] : (4.8)
Thus the result in the continuum theory [11] is completely reproduced by our
lattice implementation of the -invariant in the classical continuum limit.6
We note here the role of the Chern-Simons terms. It compensates the
dependence of the -invariant on the path of the interpolation. It reproduces
the non-abelian gauge anomaly of the eective action, while the -invariant







T b; T c
o
= 0; (4.9)
the Chern-Simons form vanishes. The -invariant becomes integrable and






Since X(x;u) is orthogonal to A(x;u), it does not contribute in the
integration of u if we adopt the linear interpolation as given by Eq. (2.20).
In this case, the imaginary part of the eective action is entirely given by
6We are considering the eective action for the left-handed Weyl fermions and our
denition of -invariant is dierent from that of [11] in signature.
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the integration of the covariant gauge current induced from the surface term
[28].


































4.2 At finite lattice spacing
Next we examine the case with a nite lattice spacing. We assume the linear
interpolation of the gauge elds in u and set A0(x) to zero for simplicity.
By integrating ddu of Eq. (3.1) with respect to the parameter u, the lattice
implementation of the -invariant, , can be expressed as






























From the discussion of the classical continuum limit, one might expect that
the surface term in the r.h.s. can be regarded as the eective action for
the chiral Ginsparg-Wilson fermions. However, even when the perturbative
condition for gauge anomaly cancellation is satised, it is not gauge invariant
in general and the surface term alone cannot reproduce the gauge invariant
eective action for the chiral Ginsparg-Wilson fermion.
On the other hand, in the recent construction of gauge invariant abelian
chiral gauge theories by Lu¨scher [10], the following ansatz for the gauge-
invariant eective action is considered























where the variation with respect to the abelian gauge eld,
U(x) = i(x)U(x); (4.15)
is taken. It is shown that the functional measure of the Weyl fermion elds
can be reconstructed so that the chiral determinant so dened reproduces
this ansatz. In this respect, an observation made by Lu¨scher [9], which is
crucial for the gauge invariance, is that the anomaly associated with the




















where k(x) is a gauge invariant local current. This is the consequence of
the index theorem on the lattice [29]. This implies that if the gauge current
is redened so that it includes the local current k(x), it is conserved exactly
















e3 = 0: (4.17)
As pointed out in [17], the above ansatz can be obtained from the inte-

















Comparing Eq. (4.13) with Eq. (4.18), we obtain an expression for the
eective action in terms of .
Im Γeff [U(x)] =  [U(x; t)] + 2Q5 [U(x; t)] ; (4.19)
where


















A(x)k(x) [uA] : (4.20)
22
This is the relation which may be regarded as the lattice counterpart of
Eq. (4.8). Q5 here can be regarded as a lattice expression of the Chern-
Simons form in the following sense. First of all, it is a local functional of
the ve-dimensional gauge eld. This term compensates the dependence of
 on the path of the interpolation. It reproduces the gauge anomaly of the




− Im Γeff [U(x)]
= 2Q5





where g(x; t) is an interpolation of the gauge transformation functions such
that
g(x; t = −1) = 1; g(x; t = 1) = g(x); (4.22)
and the region of the interpolation is within t 2 [−;].7 When the con-
dition for gauge anomaly cancellation is satised, the r.h.s. of Eq. (4.21)
vanishes identically.
For the non-abelian gauge theories, the gauge covariant local current
such like k(x) in the case of abelian chiral gauge theories is not obtained so















to give the lattice Chern-Simons form 2Q5 with desired properties. Then
the relation between the eective action for the chiral Ginsparg-Wilson
fermion and the lattice implementation of the -invariant,  , could be es-
tablished.
4.3 Integrability of η
In the classical continuum limit, the Chern-Simons form vanishes identically,
when the condition for gauge anomaly cancellation is satised. Then the ef-
fective action for chiral fermions can be given entirely by the -invariant.
7In this equation, the fth component of the interpolating ve-dimensional gauge eld
is introduced. The evaluation of d
du
 in section 3 holds true even if we introduce the fth
component of the gauge eld as long as its support is within the region t 2 [−; ].
8In the recent work [21] by Lu¨scher, it has been shown to all orders of an expansion in
powers of the lattice spacing that the gauge covariant local current of the desired property
exists.
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Then one may ask where this ideal situation would happen on the lattice










T b; T c
o
= 0: (4.24)
For this, the ve-dimensional bulk term should vanish identically, or should
become integrable and depend only on the boundary values of the interpolat-
ing ve-dimensional gauge eld. It does not seem to be the case in general,
however, from the result in the previous subsection. We need further study
on this point. It may be possible to realize this ideal case by deforming the
ve-dimensional Wilson-Dirac operator, which enters to the fermion action
Eq. (2.7), as suggested by Neuberger [30].
5 Summary and Discussion
In this paper, we considered a lattice implementation of the -invariant,
using the determinant of the ve-dimensional overlap Dirac operator. It has
been shown that this implementation is equivalent to using the determinant
of the simplied domain-wall fermion of Shamir. It is realizing the idea of
Kaplan and Schmaltz explicitly on the lattice. The lattice -invariant is
examined and is shown to have a direct relation to the imaginary part of
the (gauge invariant) eective action for the chiral Ginsparg-Wilson fermion
in the case using Neuberger’s Dirac operator. Although the formula of the
lattice -invariant seems to be practical, the issue of the integrability is
remained. It should also be examined how the global anomaly [31] ts in
this implementation of the -invariant [32].
Our analysis shows clearly and explicitly that the interplay between the
four-dimensional chiral fermion and the ve-dimensional massless fermion,
which is known in the continuum theory, can be realized on the lattice in
the framework of the domain-wall fermion and the overlap formalism, where
the Ginsparg-Wilson relation is built in. It is expected that other known
relations over various dimensions could also be realized in the framework of
lattice gauge theory.
Quite recently, starting from the Ginsparg-Wilson relation, a general for-
mula of the eective action for chiral Ginsparg-Wilson fermions is derived by
Lu¨scher [21] and its relation to the -invariant is suggested. It is conceivable
that there is a close relation between this formula and the implementation
of the -invariant discussed in this paper. The relation should be claried
in detail. This issue is under investigation.
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Appendix
A Four-dimensional propagators in five-dimensions
In section 3, in order to show that the surface term ddu is localized at the
boundary, we use the following identity which holds for s; t 2 [−T + 1; T ]:
1
D5(T ) − m0a
(s; x; t; y) − 1
D5(T+∆T ) − m0a
(s; x; t; y)
=
1
D5(T ) − m0a
V(−T+1;T )
1
D5(T+∆T ) − m0a
(s; x; t; y)
(A.1)
where
V(−T+1;T ) = −PLs;−T t;−T+1 − PRs;−T+1t;−T
−PLs;T t;T+1 − PRs;T+1t;T : (A.2)
In this appendix, we give the derivation of this identity.
For this purpose, let us introduce the ve-dimensional Dirac fermion
dened in the larger ve dimensional space [−T − T + 1; T + T ], but
with the couplings between the lattice sites (−T;−T + 1) and between the
lattice sites (T; T + 1) omitted.
We denote the ve-dimensional Dirac operator of this system by D_5(T+∆T ).
Then the dierence between D_5(T+∆T ) and D5(T+∆T ) is given by the surface
interaction V(−T+1;T ) of Eq. (3.12) (Eq. (A.2)).
D_5(T+∆T ) = D5(T+∆T ) − V(−T+1;T ): (A.3)
Then we have
1
D_5(T+∆T ) − m0a
− 1
D5(T+∆T ) − m0a
=
1
D_5(T+∆T ) − m0a
V(−T+1;T )
1
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Figure 5: Implementation of Dirichlet B.C. by surface interaction
On the other hand, the eld variables in the interval [−T + 1; T ] does not
have any coupling to those outside the region and they are nothing but the
eld variables described by D5(T ). Then, we have
1
D_5(T+∆T ) − m0a
(s; x; t; y) =
1
D5(T ) − m0a
(s; x; t; y) (A.5)
for s; t 2 [−T+1; T ]. From these two relations, Eq. (3.11) (Eq. (A.1)) follows
immediately.
B Surface propagator in five-dimensions
In this appendix, we evaluate the four-dimensional surface propagator Eq. (3.27)







γ5 eDγ5 − eD [U(x;u)]PR: (B.1)
For this purpose, we consider the ve-dimensional Dirac fermion dened
in the larger ve dimensional space [−T −T + 1; T + T ], which couples
to the gauge eld U! (x; t;u) = U(x;u) uniform in the fth dimension.
We denote the ve-dimensional Dirac operator of this fermion by D5(T+∆T ),
including the negative mass −m0a .
Let us also introduce the ve-dimensional Dirac fermion dened in the
same larger ve dimensional space [−T − T + 1; T + T ], but with the
couplings between the lattice sites (T; T + 1) omitted.
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Figure 6: Surface propagators
We denote the ve-dimensional Dirac operator of this system by D_5(T+∆T ),
including the negative mass −m0a . Then the dierence between D_5(T+∆T )
and D5(T+∆T ) is given by the surface interaction at t = T , V(T ).
D_5(T+∆T ) = D5(T+∆T ) − V(−T+1;T ); (B.2)



















For the fermion described by D_5(T+∆T ), by construction, there is not
any coupling between the eld variables in [−T −T + 1; T ] and the eld
variables in [T + 1; T + T + 1]. These two classes of eld variables can be
regarded to consist of the (simplied) domain-wall fermions with the extents
of the fth dimension 2T + T and T , respectively. If we consider the
limit T !1, assuming T is even, we can use the result of [20] and have
1
D_5(1)





















Since the propagator between these two classes of eld variables vanish iden-






(T+1;T ) = 0: (B.7)


























Taking account of the chiral property of 1D_
5(1)







(T;T )PL = PR
1
D5(1)







(T+1;T+1)PR = 0: (B.10)
Therefore 1D5(1) (T;T ) and
1
D5(1)
(T+1;T+1) anti-commute with γ5.











































































































By writing eD = 12 (1 + V ) and noting the properties of V , V yV = 1 and












γ5 eDγ5 − eD : (B.18)







γ5 eDγ5 − eDPR: (B.19)
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